
l_
l_
l_
t
t
t
I
I
I
I
t
I
I
I
I
I
I
I
I

AN AICORITHM FOR APPROXIMATINC

TIIE SOLUTION TO A GENERAI. TM.S'I OllDER

SYSTEM O!' DIFFERENTIAL EOUATiONS

Prepared fo!
U. S. Naval Weapon6 Laboratoly

DatI1gren, Vi!ginla

Augurt 196?

U N I V E R S I T Y  O F  D A Y T O N
D A Y T O N ,  O H I O

B y

He!bert  Der6hern



I
I

I
I
l
I
I
I
I
t
t
I
I
I
I
I
I
I
t

UDRI-Ti\4- 67- 13?

AN ALCORITFIN4 FOR APPTTOXIMATINC

THE SOTUTION TO A GJ'NERAL FIRST ORDER

SYSTEM OF DIFFERNNTIAL IQUATIONS

Firepa!ecl {or
U, S, Naval Weapo[s Laboratory

Dahlgren, Virglnia

B y

Herbert Dershenr

August  196?

UNIVERSITY OF DAYTON

Resear:ch Instl tute

Dayton, Ohio



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
T
t_

PROBI.EM

This report presents an algorit lrnr fox approxr'mating the solution to a
general I irst order system of or.diDaxy difterential cquations of the form

(1 )  v '  =  ? r t , t

l A  v ( t )  =  i

whe,_c I is a vector of deperdent variables, t  an inalepenclent variable ancl i
a function vecior. The algoritbn'r ut i l . j .zes a mult istep technique oJ Cr:ane and
K lop fens te in  [  3 ]  ,  and  spec ia l  p rocedures  fo r  6 ta r t i ng  the  app rox ima t ion ,
s tab i l i t y  con t ro l  and  i n te rva l  rnod i f i ca t i on .  These  p rocedures  a re  d i scussed
a t  some leng th  i n  t h i6  xepor t .

Included in the Appenclicies axe sample applicatioDs oJ some of thc
d i6cussed  techn iq r l es ,

METHOD OF APPROXIMA'TINC THI' SO],UTION

The common methods -[or approximating the sohrt ion o{ a system of
thc  fo r rn  { l )  -  ( 2 )  can  be  d i v ided  i n to  l o r r  s roups :

( i )  O n e - s t c p  s c h e m e s  o f  t h e  R u n g e - K u t t a  t y p e .

( i i )  O n e - s r e p  s c h e m e s  o f  t h e  N o r d 6 i e c k  t y p e .  [  5 ]

( i i i )  P r e d i c t o r - c o r l e c t o r  E c h e n t e s  o f  t h e  A d a m t s  t y p e .

( i v )  P r e d i c t o r - c o r r e c t o r  s c h e m e s  o f  t h e  m u l t i s t c p  t y p e
( t e r m i n o l o g y  f r o m  G e a r  [  4 ]  ) .

G r o u p  ( i )  s c h e m e s  c a n  b e  r u l e d  o u t  i r n l n e d i a t e l y  i n  m o s t  c a s e s  b e c a u s e
thcy usual ly require {our t imes as rnany cast ly evaluat ions ot fas 1rrethods
fro]r-r  any oI the otber groups and do not provide an economical l r1easr1re oJ the
l r r r n  c a  L i o  n  c r r : o r .

C r o u p  ( i i )  h a s  r n u c h  t o  r e c o m r n e n d  i t ,  e s p e c i a l l y  i n  t h e  c a s e  w h e n  o n e
i s  l r t o r k l n g  l v i t h  a  s y s t e m  o l  h i g h e r  o r d e r  e q u a t i o n s .  S i n c e  s c h e m e s  o f  t h i s
for l r l  are one-step, they have the advantage oI being se1{-start ing in a qual i f ied
rnanner.  They also provide an easi ly attainable r l . leas!1re oI the tr l rncat ion error
a n d  s t a b i l i t y  a n d  a l l o w  t h e  i n t e r v a l  s i z e  t o  b e  c h a n g e d  e a s i l y .  H o r v e v e r ,  l o r
f i rst  order sfstems, the e.{uivalent group ( iv) schcl- I le has greater sirnDl ic i ty and
i s  t h e r e f o r e  c h o s e n  i n  t h i s  s p e c i a l  c a s e ,
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In real i ty,  group { i i i )  is a subset o{ group ( i \4,  bui :  s ince the u6e o{
-Adams IylJ()  l lct l rods axe so co rrr lon, thcv raie a c1.1ss oI thcir  ow:r,  This
type o{ mcthod is general ly not pxe{erred, horvever,  over those oI group { iv)
because a mult istcp rnethod which uses the salne number of prcvior ls points
h a s  e i t l L e r  a  b i t h c r  o r d e r  t r u n c a t i o n  e r r o r  o r  a  l a r g e r  r e g j . o n  o f  s t a b i l i t y ,
with the onLy cost beir ' lg storage, which is not a high pxice on rr1odcrn machines.

Hencc, i t  is an algori thrr-r  lor solving the systerrr  (1) ,  (2) using a
methocl o{ group ( iv) that wi l l  be descxibecl in thc fol lowing. The part iculax
mer:nber of this gro!1p that is recomrtr lended j .s the one suggested by Cran.e and
K l o p f c n s t e i n  [  3 ]  ,  e s p c c i a l l y  i f  o n e  w i s h e s  t o  o b t a i n  a  l a r g e  r e g i o n  o f  s t a b i l i t y
n e a r  t h e  x e a l  a x i 6 .

A fl .ow diagran1 ol thc algorithm {or obtajning an approximation to
(1 )  -  (2 )  by  the  p rec l i c to r - co r rec to r  mu l t i s tep  Dre thod  i s  f ound  i n  F igu re  1 .
Thc autonratic sttLrt ing proccdure STARTBR, the intetval rnodif ic-atjon pro-
cedu le6 ,  HALVE and  DOUBLE,  and  the  boo lean  p rocedure  fo r  c le tec t i ng
ins tab i l . i t y ,  STABLE,  a fe  desc r ibec l  i n  sepa ra te  sec t i ons  and  f l ow  d iag ran rs .
A l ist oI the input to the al.gorithm and explanation oI the other symbols appear-
ing in the f low diagrarns are founcl in' l 'ab1e l.

The  a lgo r i t hm beg ins  by  ca l l i ng  on  p rocedu le  STARTE] l  wh ich  de te rm ines
an init ial step size which rvi l l  keep the truncation e1.ror within specif ied bounds
(< 11n* and < min) and insure absohlte stabil i ty. STARTER then integrates
forward the reqr. l ired number o{ 6teps using a st l i table one-step tuethod. One
which is highly recommended for this purpose is the Rutrge-Kutta T€ichniclue
of Ralston [ 6] .  The nurnber o{ steps evaluated by S'IAR'l lnR depends trpon
the nru]rbc! of previorls points nceded by the choselr mrlt istep rnethod.

Aftex STAR!fER has completcd its tash, a precl icted valueFnl.r ol the
depcndent variable vector ancl a colrectcd vatue yrr11 ar.e conrluted by t| .e
rnu l t i s tep  schcme.  The  co r rec to r  i s  re i t e ra tcd ,  us ing  the  l as t  ob tz ' i ned  co r rec t -
ed vahre to compute the derivative, unti l  the specif iecl number of derivative
evaluations, DPS, have been pex{orined. Notc that DPS can be, and usually
w i ] l  be ,  one , i n  wh ich  case  the  co r rec to r  i s  no t  re i t c ra ted  a t  a l l .

GENERA I, DESCR]P'I]ON OT 'I I ]E AI-CORITHM

O n c e  t h i s  i s  d o n e ,  a n  e s t i r l l a t i o l ' . , f  t h e t r u n c a t i o r e r r o r  i s  o b t a i n e d ,
Lett ing ei  = L pni -  ynt I  where pni an.1 yni  are the i th cor-nponcnts of p" ana

1 . ,  t h e  c r r o r  e t  i h c  )  l h  s r e p  i s  e x p i " s s e d  b y

m l n  t e i  J  _ l
I Y n i l

z

E . .  =  - i
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Compute yi+I ..nd
reapply the cor ! ecto I
to obtain ne\v v -
K :  =  K + ]  

' n i l

START

STARTER

C o m p u t c  D  - .'  ' n + t

r " n  i - I '  Y r +  I  s Y

HATVtr

Kr  DPS-  Ie . )  €  m a *
Compute

DOUBLE



t = t + h

STABLE
"b 'c

PRINT
MESSACE

' 1 ,  .
\2 

__ _;ni

Compute v r ,'  'n .F.
. 2

I . , +1  b I  one -s teP

s ch3'!e. h: =l- h

F igu re  1 (con t i nued)

4
. t .
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w h e r e  t h e  w i  a r e  w e j g h t  J ? r c t o r s  t o  b e  d c t e ] ] l n j . r l c d  b y  t h e  u s e r  ( 0 S  w i S  1 ) .

IJ "l i  E"l ( . - i,.,, the irverval is clc,rrbtcci. tr " ' i '  r, ' '2 u.,.n'. ,
the jntelval is r 'aiv.a. 

--i j . l i . ' .oi"c, 
th. valac of rhc inclep;(teni variable t

i s  ; D c r e m e n t c c l  a n d  a  t e s t  i s  m a d c  t o  s e e  j {  t h c  s t a b i l i t y c b e c k  s h o u l d  b c  a p p l i e d
at this pojnt.  The stabit i t t  chech is schcduled lro occlr :r  at  a f ixed interval  ( t -)
on t .  tc is determiDed by the user ancl is c leperdent upon how n Lrch t jmc is
consumccl by thc stabi l i ty check and how crucia,I  stabi i i ty is in the pxobleln
being rur.  I f  the mcthod is not st?r.ble at this point,  the step-size i .s halved,
t h e  n e c e s s a r y  b o o k k c c p i n g  i s  d o n e  a n d  t h e  p ] ' o c e s s  p r . o c e c c l s .  I I  i t  i s  s t a b l e
t l re program cont inues with thc next appl icat ion of the D1..edicto,- .

A UTOMAl ' ]C  START lNC P l lOCEDURE

Thc  Ina jo r  goa l  o l  t he  au to r l e r t i c  s ta l t i ng  p roccdure  STAR. IER (see
F igu re  2 )  i s  t o  choose  a  s ta r t i ng  va lue  Jo r  t he  s tep  s i zc  h  cons i s t cn t  u , i t h
requirements on tr lrncation er.ror and absolutc stabil i ty.

It  should bc noted here that the estimate of the truncation errol obtained
in this manner at tk wil l  tencl to be conservative so that lhe start ing step size
may  be  s rT1a l1e r  t han  necessa ry ,

STABIL ITY  C I INCKINC PROCNDURE

A method is kno$,n to bc sta_bIe at a given point i l  a1l  the zeros oi
t i re character ist ic polyncrnial  of  the l t ' le tLod t ie Nithin or on the unit  c irctc and
t h o s e  l y i n g  o n  t h e  u n i t  c i r c l e  a r e  s i m p l e  [  3 ] .  T h e  c o e f l i c i e n t s  o f  j : h e  c h a r a c -
t e . i s t i c  p o l y r o n i a l  i n v o l v e  t e r n s  c o n t a j n i i r g  E  $ h e r e  E  -  h  .  ) , i .  T h e  \ i  a r e

Thc stabil . j . ty cri i tcr ion is hancll .cd f irst. : fhc injt ial vahLe siven to h
is 1 which guarantees that hmin S h K hr.u* bccause of condit i .ons-on hr]r i , ,
ancL hmax. Then a test is ]Tlacle fol. stabil i ty at thaX value of h. 1I the methorl
is stable, h is dor.rblccl lrnt i l  a value is Ic'und {or which Zh calrses instabil i ty
o r  un t i l  2h  )  hmax ,  I l  s tab i l i t y  c loes  no t  ho l c l  l ox  h  = .1 ,  h  i s  ba l vcc l  repca ted l y
untj l  a stablc vahre oJ h is lorrnd or urrt i l  h is reducccl to less than hrrr ir1, in v,,hich
case  an  cxp lana to ry  rnessage  i s  p r i u ted  and  the  p rocess  i s  t o r . r l r i . na ted .  When  a
suitable valuc ot h is louncl, the next k points are eval.uatecl (whcn the precl ictor-
co r rec to r  i s  z !  k - s t cp  me thod)  by  the  chosen  onc -s tep  s ta r t i ng  schcme.

Now the value lor ]1 thus obtainecl is usccl as a prccl icted value in the
k-step cor:rector formula and a correctecl value of Tk js then conrputcd. T,he
dil ference oJ tbese two approl inlat ions to !,- is then used to estimate the
t runca t i on  e r ro r  a t  t k .  I {  | h i s  e r l o r  i s  t oo  Ia r .ge ,  t he  s t cp -s i zc  i s  ha l ved  and
the  one -s tep  me thod  i s  aga in  app l i cd  s ta r t i ng  a t  t he  i n i t j a l  po in t .  Th i s  p roces ,
is continuecl unti l  a suitable ste!-size is {or-rnd or h fa11s belorv hmin. In the
la t te r  case  the  p tocess  1s  ha l ted ,
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Compute ytj  y2,
Yk  bY  one  -
s tep  s  cheme,

Use yk to obtain a

co r rec ted  va lue  a t
yL  and  e .  a t
"  r = k L .

RETURN

Figure 2 (continued)
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l 'hexefore, the { i rst  step i l1 checkj.ng stabi l i ty is obtair ing apirroximations
f o r  { h c  c j g c - \ i l l L ,  s  \ i  o {  J .  T l r (  1 c . l - n i q - L  L . s - d  I o r  i .  c o r n p l i . I ' i n 6  t L : s  j s  r . p  ! o
the user and wi l l  depend great ly on the nature ol  f .

Next a l ]rethod is applied to dete,.. lnire vrhcther al l  oI thc zcros oI the
characterist j  c polynomial of thc mult istop technique are inside the unit circle.
The charactel i6t ic polynor:r\ ial can be obtained using analysls similar to that o{
Cha$e  l2 ] ,  Ana ly t j ca l  Techn iques  ( such  as  i n  [ 1 ]1 ,  o r  p rev ious  know ledge  o l
the region ot stabil . i ty can be used to accomplish this purpose. Examples of
techniclues derivecl for a given problern are found in the appendices,

e i g e n v a l u e s  o { the matrix J

u t t
( r)ij

' f h i <  n r ^ .  ^ . l , ,  r  a  ;  c

method is stable and with
ab solute st :rbi1i ty.

boolean iD nature and returns witb a true value i{ the
a lalsc value if  the procedlue was unablc to verjfy

CHANG1I OIT ]NTERVAI,

II  the trrncatj.on error is found to be too Iarge, the proceclure IIAI-VII
(Figrre 4) i .s cal. led upon. I-1ALVE check6 to s( 'e i t  halving thc step sizc would
resu l t  i n  a  s tep  s i zc  wh ich  i s  sma l l ex  than  a l l owab le  and  i f  t he re  have  becn  rno re
than lhe al lowable numbcr of halves inJl ictcd (hn) rvithout the intcgration pro-
cced j .ng  l o  t be  nex t  po in t .  I n  mos t  ca6es  hu  shou lc l  be  l ,  bu t  l o r  ex t r i en re l y
rap id l y  chang ing  { ,  a  I a rge r  h "  may  be  uscd .

r  I f  ne i t he r  o I  t l ) f se  l e rn l i n l r t i ng  cond i t i ons  i €  pxesen t ,  t hen  y ( t - ;
i  h ) ,  .  .  V  ( t - - .  t  h )  a r e  c o m p u t c d  b y  m e a n s  o J  t h r  s a r n c  o n c - s l r

i r.'t
y ( t - i h ) , . , .  y ( t - - t  h )  a r e  c o m p u t e c l  b y  m e a n s  o J  t h e  s a r n e  o n e - s t e p
method  wh ich  r vas  r r scd -as  a  s ta r t j . ne  p rocedure .  h  i s  t hen  ha l ved  and  the  i n te -
g r a t i o n  i s  r € s u r n e d  b y  r c t u r n i n g  t o  t h .  p r . e d i c t o r ' - c o r r e c t o r  f o r l n u l a s .

I f  thc truncat ion erro!s are al l  smal ler than the minirnum tolerable,
p r o c e d u r e  D O U B L E  ( F i g u r e  4 b )  i s  € r n t c l e c l "  D O U B I - E  { i r s t  c h e c k s  t h a t  t h e r e
a r e  e n o u g h  p o i n t s  a v a i l a b l e  I o r  d o u b l i n g  t o  o c c u r .  ! ' o r  a  k - s t e p  m e t h o d r r e n o u g h l
i s  2 k - I .  f f  n o t ,  a  r e t u r n  i s  g c n c r a t e d  a n c l  t h e  p r o c e c l u r e  d o e s  n o t h i n g .  N e x t  a
c h e c k  i s  m a c l e  o n  h o w  r e c e n t l y  a  d o u b l c . r a s  a t t e n p t e d  b u t  r e j e c t e d  b e c a u s e
o f  a  s t a b i l i t y  c r i t e r i o u .  I f  t h i s  h a s  o c c u r r e d  w i t h i n  t c  o f  t h e  c u r r e r t  v a l u e  o f
t ,  t l l e  p r o c e d u r e  r € i u r n s .  T h i s  i s  t o  p r e v e n t  e x c c s s i v e  t i r ] 1 e - c o n s u m i h g  c a I l s
o r  S I A B L I  r \ h r "  l h .  s 1 . l ' . i z e  J o r  s l a h ' l i t y  i s  s m ? l l . r  t h a n  l L a t  r e q u i - e d  b )
t r u n c a t i o n  e r r o r ,

N c y t  s l a b j l ' t )  i s  c r e . k e d  l o r  s l e p  s i z c  2 h  a n d  2 h  i s  c o ' r f a r e d  w i r r  h m - x
to insure that dolrbl ing $,or1ld not cause thc bound on h to be exceeded. I l  both
o f  t h e s c  t e s t . -  : r l I o  v .  h  i s  d o .  h L e d  e n C  t L e  o - c - i . . r r y  b o o k \ c . i j - g  t a r . d r . - d .



S1'ABLE:

ENTI]R

Cornpute ei !envalues
I . ( i = 1 , .  . ,  N 1 )  o f
Jacobian l . l1atr i :

at  point t .

TRUE
RE' IURN

Z e r o s
p  ( y ,  hM co  n ta i  nd
i n  u n i t  c i I c l o ?

Re( I i ) :  0i r  =  i  *  I

1m{ \  i )  :  0M:  =  m in

Z e r o s
p ( y , h \ i )  a l l

c o n t a i n e d  i n  u n i t
FALSE

RETURN

.1ES

YES

Figure 3t
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HSLVE:

ENTNR

PRINT
\4ESSACE

Compute v

y  - ,  .  bv  o l  e -  s teo
n- zK- I-z- metnocl

h : = + n  h c :  =  h c +  1

Figure 4a



DOUBLE:

rev ious  po i .n t s
ava i l ab l  e

RETURN

RI]TURN

RETURN

(v,  2r , ) R!-'TURN

h : : 2 h  t L : : t

' n -  1  '  n - 2

'n -k+ l :  =  ' n -2k -

YES



N

Yo

to

tf

tc

N1

N 2

p  {y ,  n ,

hmax

MCON

€ ma:<

€ min

Nurnber of dependent variables ( integer),

Init ial values of dependent variables (rea1 1 X N axray).

Weights uBed to test truncation error {rea1 I X N array).

Init ial value of independent variable (real).

Terminating value (i f  any) of independent val iable (real).

Increment of independeht val iab1e at which stabil i ty is to be checked (real).

Degree oI the charactel ist ic poly[omiaI of the Jacobian (i l l teger),

Degree ol the characteri6t ic polynomial oi the P-C method (integer).

Characterist ic polynomial of tbe P-C method (rea1 tuncti.on),

Absolute maximurn ol step size (real). (t  < h' ' 'ax)

Absolute minimu-rn oJ step 6ize.(!ea1). (0 < hmin < .])

Number of consecutive halves al lowed at one poirt ( integer).

Number  o f  de r i va t i ves  eva lua t i ons  pe r  s tep  ( j n tege r ) ,

Constant u6ed in determiDing truncation error (real).

Upper bound on truncatiob erlor {rea]).

Lowex bound on truncation error (real).

Other variables in the l low charts but not input.

Largest real eigenvalue of the Jacobian at th€ current point (real).

Storage fo! the last value of the independent variable where a double
of step-size was attempted but rejected because o{ stabil i ty (real),

Va lue  o f  l yn -pn l  X  MCON.  ( rea l  I  X  Nar ray )

Temporary storage lor number of consectLtive halves (integer).

Independent vatiable (rea1).

S tep -  s i ze  ( r  ea1 ) ,

Value of the independent variable at the previous stabil i ty check (real).

TAB]-E 1

INPUT TO PREDICTOR. CORRECTOR PROCRAM

t 2

M

li

t

h



APPENDIX A

STABI]-I:TY CRITERTON I 'OR A SA\4PI-E PROBLEM

Let Y
consid.er the

But

-  l y ! ,  y z ,  y 3 ,  y a ,  y 5  '  y 6  )  a n d  ?  =  ( \ , f 2 , \ , 1 4 , f 5 ,  f 6  ) '  T h e n
s yster11

v  =  f  ( t , v )

t\ lt,t) = y4
tz ft'j) = ys
{3 (t,}) = y5
, lt,t l  = - E(ya -w*) - Auy5
15 ( t ,T )  =  'Eys  -  g
f6 {t, l) = - E(y6 -w*) - Ay I.r

\rhe! e

E  =  E  ( y z , y t ,

=  Y . k . P

Now y and k are constantg,
V frorn a tabLe and

Therefor e

Y r , I e )  =  Y ' k ' p ' v

(yr )v(y4,  y5 ,  y5 )  .  Kp ( r+,  r r
p depends on yz {rorn a table,

+ A y y 6  -  C r y l

+ A x y E

A V

.  B K D ,' - 6 v  I

Kp

t Y t l .

KD depends

A E

O E
Byr

Y ' V . k . l t . h . : *_  u  o y z

k ' Y ' P  I # K o * f f -  .  +  " 4 , 5 , 6 . 1

b

Knr f

8 v
3 Y"

3 E

A V
'  D y t

Jb-:wz-

k . 1 . p  ( y a  - r v * )



a yt

A %
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APPENDIX B

TESTINC TO SEE IF ZEROS OF A POLYNOMIAI, I-]E

INSIDE THE UNIT CIRCLE

.Two possible techniques wil l  be discussed {or locating zeros oI the
chaxacterlst ic polfnornial The f irst is r11ore t irne consuming, but also
more accurate than the second,

The  f i r s t  i s  bascd  upon  a  techn ique  sugges ted  by  Ca l !  (1 ) ,  and  uces
the concept of the wlnding nlrmber of the polynomial on the unit circle.
This is accoftpl ished by evaluating the polynomial at certain slna1l incre-
rnents arou.nd the circle and counting the number of t imes the image curve
\rinds alound the origln. The increment used in the actual progranr was

f , U"t i . t  was decreased rrheneve! both the real and imaginary part of
the irnage changed sign ovc! a Bingle lncrement.

Thls eecond technique uses prior knowledge of the region ol stabil i ty
to determine di lectly from the eigenvalnes whether or not the method is
stable. }.or example, one coul.d simply check the largest circle ineide the
region to see if  at l  eigenvalues were contained in i i i .  This " lould al low
considerabl.e savings when calculating the eigeuvalues since only the ]a!gest
modulus need be founcl.
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